Computational models for¯uid¯ow based on the Navier±Stokes equations for com-pressible¯uids led to numerical procedures requiring the solution of simultaneous non-linear algebraic equations. These give rise to the possibility of multiple solutions, and hence there is a need to monitor convergence towards a physically meaningful¯ow ®eld. The number of possible solutions that may arise is examined, and a mid-cell back substitution technique (MCBST) is developed to detect and avoid convergence towards apparently spurious solutions. The MCBST was used successfully for¯ow modelling in micron-sized¯ow passages, and was found to be particularly useful in the early stages of computation, optimizing the speed of convergence.
The non-linear nature of the sultaneous algebraic equations encountered in the numerical solution of the Navier±Stokes equations governing the¯ow of¯uid gives rise to the possibility of multiple solutions [1] . However, only one of these numerical solutions will be a true representation of the actual physical¯ow ®eld. Hence, it is necessary to monitor the convergence of the solution in order to detect and avoid physically meaningless solutions. In this paper the number of possible numerical solutions that may arise is examined using an alternative approach, which may also be con®rmed with the more general technique known as Bezout's theorem [2] . A mid-cell back substitution technique (MCBST) is developed for monitoring solution convergence.
THEORY

Occurrence of multiple solutions in numerical procedures employing the Navier±Stokes equations
The numerical solution of the Navier±Stokes equations based upon the ®nite dierence equations, along with appropriate boundary conditions, may be assumed to result in algebraic equations up to a third degree: N 1 number of linear algebraic equations; N 2 number of quadratic algebraic equations; N 3 number of cubic
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algebraic equations. The procedure may readily be extended to accommodate higher than third-order algebraic equations, when necessary. The total number of algebraic equations, N, is given by
The above equations are written in terms of the unknown values of u, and p at various nodal points for a steady state problem. It is shown in the Appendix that the total possible sets of solutions is given by
It is possible that some of these roots may be imaginary.
Mid-cell back substitution technique
Let the ®nite dierence equations for the unknown u, and p values at the nodal points within a two-dimen-sional¯ow ®eld be represented by the following N equations:
where y i , i 1; 2; F F F ; N are the unknown values of u, and p at the nodal points. If y i 0 , i 1; 2; F F F ; N is one of the solutions to the N algebraic equations, then f j y 1 0 ; y 20 ; F F F ; y N0 0 for j 1; 2; F F F ; N 3
The solution of the unknown values for u, and p are represented by y i 0 at various grid nodal points shown in Fig. 1 , and these y i 0 values may be used to extrapolate mid-cell values denoted by the symbol y im for i 1; 2; F F F ; N.
Using Taylor's expansion [3] y im % y i 0 @y i @x Áx 2 @y i @y Áy 2 Therefore y im y i 0 i where i y im À y i 0 4
Substition of y im , i 1; 2; F F F ; N into the functions f j , j 1; 2; F F F ; N de®ned in equation (2) provides magnitudes of f j that are equated to E j as de®ned below:
where E j , j 1; 2; F F F ; N represent the`error' resulting from the back substitution of the mid-node y im values into equation (2); E j may alternatively be expressed as follows:
terms of i raised to the power of 2 and above 6
where i are de®ned in equation (4) . The partial derivatives @f j =@y i y i y i 0 may have magnitudes that result in the following possible inequalities:
where min minimum of the absolute values of i , i 1; 2; F F F ; N max maximum of the absolute values of i , i 1; 2; F F F ; N Fig. 1 Two-dimensional¯ow ®eld depicting the grid system and mid-nodes E min minimum of the absolute values of E j , j 1; 2; F F F ; N E max maximum of the absolute values of E j , j 1; 2; F F F ; N E 0 a positive number suitably selected dependent upon the grid aspect ratio Áy=Áx, usually having a value between 1 and 10.
If the solution of the y i 0 values are such that the inequality in (7) is valid, then the solution is considered acceptable. If inequality (8) is true, then the corresponding solution is rejected.
Principle of the back substitution technique
If the y im values were inserted into the equations represented by (2), they would result in an error E j , as given in equation (5) . Where the condition given by inequality (7) is satis®ed, the maximum error E max will be small. On the other hand, if the solutions for y i 0 result in E j values that satisfy the condition given in inequality (8), then this will lead to a large value of E max .
In the mid-cell back substitution procedure described in Section 2.2, a sequence of iterates is generated that converges to the solution of the system, provided that the initial approximations, y i 0 , derived from the inlet boundary conditions, are suciently close to the true solution. By monitoring the convergence of the solution using the mid-cell substitution extrapolations, any divergence of the generated errors can be detected at an early stage in the solution procedure. The initial approximations y i 0 may then be adjusted within predetermined increments and limits, and the whole solution procedure reinitiated. Hence the mid-cell back substitution procedure is a means of avoiding solutions y i 0 that generate large values of @f j =y i leading to excessively large E j values.
Computer Resources
The computer used extensively in the solution of the present numerical¯ow model was a Fujitsu MCCVPX240/10 supercomputer located at the University of Manchester, Oxford Road, Manchester. Access to this computing system was con®ned to 12 h slots, once or twice a week, depending on overall demand.
RESULTS
Results obtained using an experimental test rig
Experimental and computational programs were conducted with various passage depths measured in micrometres, two¯uids and a variety of inlet¯owrates as determined by the positive displacement of a piston. Figure 2 shows a schematic layout of the unique experimental test rig employed in the validation of the computational results.
Results from the computational model
From experience, the permissible error in the ®nite difference equations arising from back substitution can be related to the size of the¯ow ®eld mesh. A satisfactory back substitution error value is governed by the size of the¯ow ®eld mesh employed.
A weighted correction technique was employed within the iterative solution procedure. Using the dependent variable u as an example of the dependent variables u, and p, the weighted correction in u is de®ned as where u 0 is the initial estimate for the u velocity, u H is the change in u 0 as produced by the iterative solution procedure. If the weighted correction in either u, or p is greater than the desired permissible levels, then new initial estimates are obtained using the following equation, and the whole iterative solution procedure is resumed:
To promote stability of a solution, especially in the early stages of convergence, a relaxation factor can be applied to the dependent variables u, and p by introducing a relaxation coecient into equation (10) in the following manner:
The corrections in the dependent variables were determined using the LU decomposition procedure [4] , and the relaxation coecient R was usually set between 0 and 1 (i.e. underrelaxation). The optimum relaxation coecient can vary, dependent upon the type of¯uid, the number of nodal points on the ®nite dierence mesh and the mesh spacing itself. Keeping the relaxation coecient constant throughout the entire convergence procedure was found to be inecient. Therefore, a system that monitors convergence was incorporated which gradually adjusts the relaxation coecient in accordance with the convergence trends exhibited by the dependent variables.
Typical results for¯uid¯ow in micron-sized passages can be exempli®ed by the relationship between the centre-line velocity u of the¯uid and the length of passage through which it¯ows. Figure 3 shows how this value for the centre-line velocity u initially peaks following inlet to the passageway and then steadies out. It is this type of¯ow behaviour that bene®ted from the inclusion of the MCBST because it enhanced the likelihood of the numerical solution converging.
Comparison of results using the friction factor variable
Since small Reynolds numbers may be associated with micropassage¯ows, the relationship between the friction factor f and the Reynolds number in laminar steadȳ ows through micron-sized passages was examined. Friction factors were obtained for a range of micro-passage¯ow cases, using both computational and experimentally determined pressure gradients dp=dx. The Fanning friction factor [5] is de®ned by the following equation:
The friction factors determined from the computational and experimental results are compared with theoretically predicted values for one-dimensional incompressible laminar steady¯ow [6] , given by the following equation:
f 24
Re 13
The results for friction factors from the experimental work with micropassages, the corresponding computational results based on two-dimensional laminar steadȳ ow and traditional correlations for one-dimensional fully developed laminar¯ow between parallel plates are presented in Table 1 . The comparison of friction factors determined from computational and experimental results exhibits a good correlation. The theoretically predicted traditional values are, however, consistently lower than the other two. An error analysis for the experimentally determined friction factors has been carried out.
Convergence of the computational procedure
The convergence of the numerical solution utilizing a 55 mm deep passageway and nitrogen gas as the workinḡ uid (hence the passage designation N55a) is shown in Fig. 4 . It can be observed from the ®gure that convergence was a little erratic at ®rst, indicating the value of the mid-cell back substitution procedure in helping to avoid divergence of the solution in the early stages of computation.
CONCLUSIONS
The procedure is particularly useful in the early stages of computation, where early detection of spurious solutions can avoid unnecessary computing time. The simulation of¯uid¯ow in passages < 20 mm in depth demonstrated a good deal of sensitivity to inlet boundary conditions, in addition to aspect ratios. The mid-cell back substitution technique avoided unnecessary pursuance of non-physical solutions.
The adoption of the mid-cell back substitution procedure can be used as an alternative to the`staggered grid' technique [7] , whereby the velocity and pressure components are calculated at separate grid locations. The staggered grid technique requires additional computer storage space, which is not necessary with the midcell back substitution procedure. (1), then the y i 0 solution values can be denoted as follows:
14 Thus, r 1 ; r 2 ; F F F ; r N 1 , s 1 ; s 2 ; F F F ; s N 2 , and t 1 ; t 2 ; F F F ; t N 3 are the alternative nomenclature for the y i 0 , i 1; 2; F F F ; N values. Also, let the equations in (1) be represented as follows:
Step A. Assume that r 1 ; r 2 ; F F F ; r N 1 , t 1 ; t 2 ; F F F ; t N 3 and s 2 ; s 3 ; F F F ; s N 2 are known. Substituting these values into the quadratic equation q 1 gives
where Fs 1 will be a quadratic expression of s 1 . Hence, in principle, two roots of s 1 are obtained from (3), which are represented as s 1 1 and s 2 1 . Now, substituting r 1 ; r 2 ; F F F ; r N 1 , t 1 ; t 2 ; F F F ; t N 3 , s 1 1 ; s 3 ; F F F ; s N 2 and r 1 ; It is possible to proceed in this manner until 2 N 2 sets of roots are obtained.
Step B. Consider that r 1 ; r 2 ; F F F ; r N 1 , s 1 ; s 2 ; F F F ; s N 2 and t 2 ; F F F ; t N 3 are known values. Then, substituting these values into equation c 1 will give
where Gt 1 is a cubic expression of t 1 .
In principle, there are three possible roots from t 1 , denoted as t 1 1 ; t 2 1 and t 3 1 . Now, substituting r 1 ; r 2 ; F F F ; r N 1 , s 1 ; s 2 ; F F F ; s N 2 , t 1 1 ; t 3 ; F F F ; t N 3 ; r 1 ; r 2 ; F F F ; r N 1 , s 1 ; s 2 ; F F F ; s N 2 , t 2 1 ; t 3 ; F F F ; t N 3 ; and r 1 ; r 2 ; F F F ; r N 1 , s 1 ; s 2 ; F F F ; s N 2 , t 3 1 ; t 3 ; F F F ; t N 3 into the cubic expression c 2 gives
where G 1 ; G 2 ; G 3 are cubic expressions of t 2 .
In principle, nine roots of t 2 can then be obtained. Let these roots be denoted by t 1 2 ; t 2 2 ; t 3 2 ; F F F ; t 9 2 . Hence, there are nine possible sets of roots and, continuing along these lines, 3 N 3 possible sets of roots are obtained.
Step C. Since step A can be carried out with each of the possible 3 N 3 sets of roots, t 1 ; t 2 ; F F F ; t N 3 , a total of 2 N 2 Â 3 N 3 sets of roots can be established.
Step D. For all the 2 N 2 Â 3 N 3 sets of roots in step C, s 1 ; s 2 ; F F F ; s N 2 and t 1 ; t 2 ; F F F ; t N 3 , linear equations l 1 ; l 2 ; F F F ; l N 1 can be set up for r 1 ; r 2 ; F F F ; r N 1 . Hence, unique values are obtained for r 1 ; r 2 ; F F F ; r N 1 for each of the sets of s 1 ; s 2 ; F F F ; s N 2 and t 1 ; t 2 ; F F F ; t N 3 .
Thus, the total possible sets of r 1 ; r 2 ; F F F ; r N 1 , s 1 ; s 2 ; F F F ; s N 2 and t 1 ; t 2 ; F F F ; t N 3 are given by N set 2 N 2 Â 3 N 3 for i 1; 2; F F F ; N 1
